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Introduction
[ ]
What is Causal Set Theory?

@ approach to quantum gravity [Hen09, Sorll]

@ replaces continuous spacetime manifold with a discrete set of
spacetime events and a causal relation (partial ordered set), (¢, <)

Transitivity: x=<z=y = x=y,
Anti-symmetry: (x=yAy=<x) = x=y,
Local finiteness: [I(x,y)| < oo,

where the causal interval is
I(x,y) ={z€¥|x 2z=y}.

The relation < excludes the case of elements being equal.
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Visualisation and Representation of a Causal Set

Hasse diagram: shows causal re-
lations for the element pairs with
I(x,y) = 2 (“direct links"). The
labelling by integers is a total or-
der preserving the partial order.
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Link matrix: binary representation
of the causet links.
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What is Sprinkling?

Sprinkling is the process of obtaining a causal set (causet) from a
spacetime:

start with a smooth spacetime manifold M (or a compact subset
C C M) and a metric g
select sprinkling set S C M by a Poisson process

finite

obtain the causal relation from the spacetime metric
x=2y&e (JTH(x)NJ (y)N C) is connected

forget the embedding of the events in the spacetime, and keep the
partial order set (¢, <)
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[ o]
Sprinklings on Compact Spacetime Subsets

@ C: compact subset of the spacetime manifold M

e configuration space of ordered sprinklings (distinguishable events)

Q? = é cN
N=0

@ configuration space of sprinklings (indistinguishable events) using
the permutation group Py

oo

Qc = @ /Py

N=0
@ homomorphism removing the label due to time-ordering
(et——(
@ alternative the labels might follow from the light-cone coordinate

u= %(t + r), where r is the Euclidean distance for spacelike
coordinates



Construction of the Probability Measures
oe
Sprinklings on Compact Spacetime Subsets

@ volume-density parameter p, determines how many events are

sprinkled in the volume
V(C) = / dVOl,‘
c

@ probability measure ;ﬂgp : Q? — R for ordered sprinklings such
that

d,ucp Z P Hdvol

@ push-forward of the probability measure jic , = ¢t*ﬂﬁp

oo

duc,y = % Z Nl‘!e (t — ti— 1)Hdvol,, 2 — ePV(O)

N=0
N
P — t,',l)HdVOL'
i=1

rllﬂg

N
N _—pV(C
(pV(C)) € P ( ) V CN L

2

=0

Pr(l-|=N)
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Causet Configurations

@ configuration space of causets

o0
Qp = @ Posets(N)
N=0
@ homomorphism from sprinklings to causets € : Q¢ — Q¢

@ causet equivalence and configuration space quotient

S~y S = E(S) = €(S), Oc = Qc/~s

@ homomorphism from sprinklings to causets
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Causet Configurations
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Causet Configurations
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Causet Configurations
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Construction of the Probability Measures
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Causet Probability

The probability for one equivalence class [S]«, which yields the same
causet €(S) with a fixed number N of elements is
P = Pr([S]« | IS| = N),

P:V(’ch)N/e((xl,..., )e[S]C)H (t—tis Hdvol

Qc

NI N N N
W/H@(Xi € C,%)) H@(t,- - ti—1)HdvoI,-
=2 =2 i=1

%;(S) X €i(S)
Cﬁ(]{C\JJr ), else
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Sprinklings on a Spacetime

@ all compact subsets of a spacetime L := {C C l\/l}

compact
@ configuration spaces are related by projectors such that
VCl, CQ, Gel

G2 G = MNgg: Qg — Qq
C3 :_> C2 :_) Cl - rlC1C2|_|C2C3 - I_IC1C3

@ projective limit of configuration spaces

= .
Q =lim Q¢ = {(SC)CeL € H Qc

CeL Cel

VGO G el: nC1C252 = 51}

@ natural projectors on the limit

F
I_IC: Q%QC, (SC’)C/GL'_)SC

@ probability measure [AL95] such that

Mcwpp = He.p, / fduc,p = /<_ folcdu,
Qc Q



Examples of Small Causets
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 all ordered

Pl’(zlgg)
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 all ordered

V1

(5]

1 1
PI’(2123) = 1'/ du1/ dV1 =1
0 0
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 all ordered

1 1 1 1 1
PI’(2123) =2l dU1 dV1 dU2 dV2 = —
0 0 uy vy 2!
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 all ordered

1 1 1 1 1 1 1
Pr(2123):3!/ du1/ dv1/ duz/ va/ dU3/ dvz = 3
0 0 uy vy up V2 :



Examples of Small Causets

oeo
3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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3-Causets in a Diamond Shape

Example: d =1+ 1, diamond shape (unit volume), N = 3 two ordered
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nstruction of the Probability Measures Examples of Small Causets
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uction of the Probability Measures Examples of Small Causets

U3 €3
() 123
U1 9 €1
up U ug
uy Uz ug
a—|u] a—|wv] a—|u] a—|wo| a—|us|
Pro(X123) —3|/du1 /dv1 /dU2 /dV2 /dU3 /dV3
—a+|u| ur max(vy,—atuw) U2 max(vp,—atus)

22 .2 22 2,2
\/a Vi \/a u; \/a V3 \/a u3

Pro(Xi2s) —3|/du1 /dv1 /duQ /va /dU3 /dV3
—ll1 2

Y max(vi,—y/a2—u2) Y2 max(vi,—y/a2—u2)



Introduction (¢ 1 of the Probability Measures Examples of Small Causets Future and Past in Causal Sets

3-Causets in a Square And a Circle Shape

Example: d =1+ 1, other unit volumes, N = 3 all ordered

v3 e3
U2 €2
U1 9 €1

uyp Uy u3

Uy Uz Uug

17

PrD(2123) =3l (2 fttt + 4fstt + 4fsst + 2fsss + 2fbtt + 2fbst) = ﬁ

1

1
PrO(Zl23) = 3! (2fttt + 2fbtt) = 8 + an2



3-Causets Summary

Examples of Small Causets

compact vol.
of Minkowski
spacetime
diamond boosted square boosted square circle boosted circle
causets diamond
? 0.1668 0.1666 0.1418 0.1415 0.1505 0.1502
°
|
by 1 34 on? +4
0.1664 0.1665 0.1789 0.1795 0.1749 0.1750
A4
12 1 43 3n? -2
0.1668 0.1669 0.1791 0.1793 0.1745 0.1751
o
D/ °
1 43 3n? —2
213
0.3335 0.3333 0.3586 0.3581 0.3496 0.3494
7o
°
231, 312 2 86 6m? —4
0.1665 0.1668 0.1416 0.1416 0.1505 0.1504
o o o
o1 1 34 on? +4
ratio sum. 6 240 16w
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4-Causets

Example: d =141, N = 4, permutations
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4-Causets

Example: d =141, N = 4, permutations — permutations and bi-posets




— bi-posets

Example: d =141, N = 4, permutations — permutations and bi-posets
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Examples of Small Causets
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4-Causets

Example: d =141, N = 4, permutations — permutations and bi-posets
— bi-posets — bi-poset groups
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Examples of Small Causets
[ ]

4-Causets

Example: d =141, N = 4, permutations — permutations and bi-posets
— bi-posets — bi-poset groups — poset (probabilities)

NI Ay
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume to find diamonds
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume to find diamonds
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Smallest Timelike Distances in Causal Sets

Sprinkling in a 1 4+ 1 dimensional spacetime volume to find diamonds
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Smallest Timelike Distances in Causal Sets

Diamond-links as a relation for timelike distance in causal sets
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Future and Past in Causal Sets
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Propagators of Quantum Fields on Causal Sets

¢y1 o ¢y2 )

Do (2) @

2 1 @
Ceoi=pt ot ooy 2 |\ % o 2 >

zeQ+(x) yE®L(x,2)
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Propagators of Quantum Fields on Causal Sets

B Abhay Ashtekar and Jerzy Lewandowski.
Projective Techniques and Functional Integration for Gauge
Theories.
Journal of Mathematical Physics, 36(5):2170-2191, 1995.

@ Joe Henson.
The Causal Set Approach to Quantum Gravity.
Approaches to Quantum Gravity: Towards a New Understanding of
Space, Time and Matter, 393, 2009.

[@ Rafael D Sorkin.
Scalar Field Theory on a Causal Set in Histories Form.
In Journal of Physics: Conference Series, volume 306, 2011.
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3-Causets Summary

compact vol.
of Minkowski
spacetime

double cone boosted octahedron cube ball cylinder
causets double cone (diamond)
? 0.0229 0.0228 0.0425 0.0245 0.0305 0.0371
)
°
123
0.0773 0.0770 0.1123 0.1082 0.1106 0.1426
A4
132
0.0774 0.0773 0.1122 0.1079 0.1107 0.1424
?
D/ °
213
0.3087 0.3086 0.3158 0.3646 0.3449 0.3519
{e
231, 312
0.5138 0.5143 0.4173 0.3948 0.4033 0.3261
o o o

321

ratio sum.




Appendix
o] ]

3-Causets Summary

= [
0 <

compact vol. @ AA\\\
of Minkowski
spacetime ‘w

double cone diamond tesseract (cube) ball cylinder
causets
? 0.0029 0.0109 0.0042 0.0069 0.0127
1
°
123
0.0258 0.0614 0.0534 0.0610 0.1121
4
¥
132
0.0258 0.0614 0.0536 0.0610 0.1126
°
0/\0
213
0.1882 0.2493 0.2976 0.2808 0.3262
I
231, 312
0.7574 0.6171 0.5911 0.5904 0.4364
o o o

321

ratio sum.
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4-Causets Summary
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