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Projects on modular Hamiltonians

Modular Hamiltonians for (massive) quantum fields

o Numerical approximation scheme for a scalar field on regions of ~ [Bostelmann-Cadamuro-M. 2023]
(141) and (1 + 3)-dimensional Minkowski spacetime. arXiv:2209.04681

o Analytic results for fermions of small mass in (1 + 1)-dimensional  [Cadamuro-Fréb-M. 2024]
Minkowski spacetime. arXiv:2312.04629

o Numerical approximation scheme for fermions on regions of [Bostelmann—Cadamuro-M ]
(14 1) Minkowski and cylinder spacetimes. (paper in preparation)

o The numerical scheme applied to a scalar field on regions of the  [M.~Tonni] _
half-space R x R, with a Robin boundary condition at the (paper in preparation)
spatial boundary.

o Modular Hamiltonians for a scalar field on regions of flat [Mintchev—M.~Tonni]
spacetime in arbitrary dimension with a point defect (including (work in progress)
massless bosons in even spatial dimensions where Huygens'
principle is violated).

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025
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Some literature suggestions

(Reviews of ) modular theory for physicists

o "“Notes on some entanglement properties of
quantum field theory"” [Witten 2018] includes
comments on the classification of von
Neumann algebras

o "“An intuitive construction of modular flow"
[Sorce 2023] starts with thermal states in
physics and

o “Modular theory, non-commutative geometry
and quantum gravity”
[Bertozzini-Conti-Lewkeeratiyutkul 2010] reasons to
consider modular theory without reference to
classical theory, but classical spacetime as an
“emergent” structure from non-commutative
geometry

Christoph Minz (SISSA)
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What can we learn from modular theory

o Entanglement is part of the algebras in QFT,
not just the states.

o The modular operator can be used to
compute relative (entanglement) entropies.

o It plays a role in the classification of von
Neumann algebras [Connes 1973].

o Since it is related to the spacetime
symmetries, it capture geometric properties
of underlying spacetime regions.

KCL, 15 Sep. 2025
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Density matrices and states

A canonical (Gibbs) ensemble

Hamiltonian H.,, and an inverse temperatur
B = (kgT)~! determine a density matrix

1
p= EefﬁH“"‘“ , 7 = tr (efﬁHC“m) ,

as long as Z < oo, as on a lattice, for example.

A state with density matrix

For any invertible density matrix p,

H=—logp
o is the modular Hamiltonian of p

o is the Hamiltonian of a system in a thermal
state (in units where 8 = 1).

Christoph Minz (SISSA)
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State properties in quantum field theory

For a spacetime region O (typically a double
cone), we have an algebra A of operators
supported in that region. We consider a von
Neumann algebra A C B(H) that acts on some
Hilbert space H.

A normalised vector {2 € H is

o cyclic: A2 is dense in H
all state can be approximated arbitrarily well,

o separating: VaoeA:a2=0=a=0
it distinguishes operators.

Vacuum states in QFT are cyclic and separating
[Reeh—Schlieder 1961].

How does a state in QFT define a modular
Hamiltonian?

KCL, 15 Sep. 2025 4
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Modular operator and density matrices

The modular operator
The Tomita operator Tk, is the closure of the map

Va € A: af2 — a* N

It is an unbounded involution, with unique polar
decomposition Ty, = JAY?2 into

o the modular conjugation J (anti-unitary), and

o the modular operator A =TT,
(self-adjoint, positive definite).

[Tomita 1969; Takesaki 1972]

The modular Hamiltonian is now

H:=—-logA

Christoph Minz (SISSA)
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Example (bi-partite finite dimensional system)

A bi-partite system H = Ha ® Hp with algebras
A4 and Ap acting only on their components.

U= k)@ k) g
K
Toa:(a@1)¥ — (a* @ 1)¥
pa=_lexl* |k) 4 (Kl 5
K

pp =Y lel® k) g (kI

%
Ag a=pa®pg

The Hilbert spaces H 4 and Hp can be
understood as dual to each other.

Modular operator numerics
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Linear field theory and one-particle structure

Linear quantum field theory

Consider the CCR/CAR algebras for a single
particle.

Examples in (1 4 1)-dimensional Minkowski space:

scalar: O = (—02 +m?)y,
ﬁ = p2 +m?2.

fermion: Ops = (—0p Em)g,
P . m xip

N/

We want to compute the modular Hamiltonian
H = —log A corresponding to the vacuum state
{2 over some subspace.

Christoph Minz (SISSA)
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One-particle structure for linear fields

o a real, separable Hilbert space H,
o a closed subspace H, 4 C Hy

o and a positive operator D on H, with dense
range such that

D*M; 4N D7 H, = {0}

and similar for the orthogonal complement
Hiy

The gray super-scripts +s on the Hilbert spaces H,
in this expression denote certain domain closures that
are required in the bosonic case, where D is an

unbounded operator, see
[Bostelmann—Cadamuro—M. 2023].

KCL, 15 Sep. 2025
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Linear field theory and one-particle structure

One-particle structure for linear fields ct ~

Real, separable Hilbert space H, := L2 (R?"!) and :
subspace H, 4 := L(A) for two pieces of initial

data. Together they form a complex Hilbert space
H= H;/yl @ H;l/'yl with complex structure

0 D%
(8 %)

and a standard subspace H C H (meaning
HaNITH, = {0}, Ha+1THA = 7-[)
There are subspace projectors

|
characteristic function

PZ@%‘A@@ 1
E=0,460604 (fermions) .

A (scalar fields)

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025
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The one-particle structure and an expression for the modular operator

Staying at the one-particle level

For all self-adjoint operators F' = F'™*,
G =G* e AO)

A

T (F+iG)2w (F—iG)R2

which corresponds to the complex conjugation at
the one-particle level (f,g € Ha)

f+1Ig— f—1Ig,

with the Tomita operator T' = JA/2 as the
closure.

On Fock space, the modular operator is the
second quantization A = I'(A)

for bosons [Eckmann—Osterwalder 1973] and

for fermions [Foit 1983]; see also [Longo 2019].

Christoph Minz (SISSA)
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From the projectors to the modular operator

The one-particle Tomita operator T' = JA'/2, the
cutting projection P and orthogonal projector
are related [Figliolini-Guido 1994, Longo 2022],

—Ilog A =2l arcoth(P —IPI —1),
—Ilog A =2lartanh(F —IEI —1).

0 M_
—Ilog A = <M+ 0 ) ,

— bosonic
— fermionic

arcoth 41

o optl
My =2D artanh(Z)D

Z=D*%i0,, 4D75 + D70 . 4D¥i 1.

KCL, 15 Sep. 2025
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Analytic expressions for local subspaces in (1 + 1)-dimensional Minkowski space

Right wedge region [Bisognano—Wichmann 1975] Double cone region [Hislop—Longo 1982]
(YL,/‘\ (TL/‘\
| 1
| |
| |
1 1
S T ‘ '~
| | 'r
| A Nl L A
| |
| |
|
|
A~ = boosts (symmetries of the wedge A~ = conformal transformations (symmetries of
subspace) the double cone) — massless!
For massive Majorana fermions: What can we find out about massive particles?

My (z,y) = 2nx (m5(m —y)F(z— y))

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025
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Analytic expressions for local subspaces in flat spacetime with spatial boundary

Region over an adjacent interval [Cardy-Tonni 2016] Region over a separated interval

lim ('(z) = () =0

z—0+

Boundary conformal field theory (massless boson) In the bosonic case, there is no known solution for
for a Neumann or Dirichlet boundary condition: this region in the massless and massive regimes

yet.
02— g2
M_(z,y) = ZWTJ(:C -v),

(shown with a magenta line in later plots).

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025
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Overview of our method

Scheme of the numerical approach

D_% (J}7 y) QFT integration
presmssmmesmmeeoy Me(z,y) ' (hoys Maha),
(”)/\ (l’./ y) test functions hy,

discretization

6,(WA) n— oo
K A — o0
Do 1(n,)
5 Y
=4
=, matrix computations summation
% n n,A S n,A
< eigen-decomposition i) discretized
3
&N +%,(n,/1) test functions hgf;‘?)
D;)

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025 11
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Discretisation of the function space and numerical calculation of the modular generator

Functions for discretization and smearing

|
(n.4) D-i(z,y) Qrr ettt
—~ ¢ s . 5
‘ M(z,y Py Mih,
—~— hg, Oulz,y) \#‘ test functions i, \i s
discretization
e n-oo
§ A o0
= —1.(n,1)
A v =
0" a ’ d+ A : iy |t computations ) summation | ———————
g i 3 MG oy Mthia )
: eigan-decomposition fiscretized
EN 4l test functions
Dy o

Oz —a;)O(b; — )
Og;z,/l) — <67(:n7A), Oe§n,A)> ) <hwk; Mihml>r s

r

n—1
hg, (x) = L?-normalized log-Gaussian, Z h;”kf)Mi"z;‘)hi’lL;l) =t (hg,, Mihy, )™
n,A) . A 7,7=0
h( ) = <e§n )’ h:l:k;>r ) /

T,

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025 12
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Massless regime

A scalar boson on the adjacent interval, massless regime

] nt—= o : [
15 ! [
2.0 4 1 L 2.0
:
S 0.0 e N e R et - 0.0
8 8 47 | L
—2.0 ] x i ! —2.0
0.5 4 N .
1 x } L
0.0 JEAISESSRSSSSS RIAG" ) SR R IR
0.0 0.5 1.0 1.5 2.0
@i/l
Smeared numeric results Smeared difference between the numeric results

and the analytic BCFT reference
(hz ,M_h (n, A) Z h(n A)M(n A)h(n ,A)

Tt x,j

(hoys M_hig )™ — (b, MEFThy,))

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025 13
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Boundary dependence in the massless regime

Numeric results: adjacent interval

(o] o}

Dependence on the boundary parameter 7 in the massless regime

i/t

0.0

0.0
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Massive regime

Dependence on the mass parameter m

6.0 . . . . . . .
=
N4 Pair
< X P 3 8
S 4.0 Rk 4-0"3(‘;"1{& r r
g FEFITE LS 3 T 3as
g b %y (REEEARL
_éi 2.0 q 2.0 4 r rF
s
5 00 0.0 X
= Dirichlet b.c., diagonal \\ Robin b.c., n = m, diagonal \ Neumann b.c., diagonal \
T T T T T ? T T T T T I T T T T T »
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
o 08 . . . . . 08 . . . . . 08 . . . . .
< e % . xx %
< Dirichlet b.c. i Robin b.c. =4 Neumann b.c. &
3 b " ] 7 1 i
Z 06 anti-diagonal Loy [ o6l M = m X P [ o¢ ] anti-diagonal Jex i
8 i anti-diagonal ;' "} w ‘
- -ao X P FIS, 1
& 0.4 . - 044 r‘x R -
2 I
; PR Aoy
= A, % 3
4 T k-
ElE f/’( ¥ Eoo2d }/}*x”‘”‘“x‘ {
- Fr/J8aa80 §3 7 o ha,
E T T e 5w o X T Y
T oo T EEEEm s T 0.0 Do ke kS .
T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
xi/l i/l
-=- ml=10

- %~ massless limit

Christoph Minz (SISSA)

Modular operator numerics

KCL, 15 Sep. 2025 15



Modular theory Modular operator numerics Numeric results: adjacent interval
000000000 [e]e) 000

Plotting curves and analytic reference

Numeric results: separated interval
@00000

Plotting curves

2.0

Main diagonal (white
crosses) and conjugate

< ]
g o curve (red crosses),
-0.2
0.5 ot d(d + g)
zo(z) = ——=.
T
o 0.0 0.5 1.0 1.5 2.0
[l ;i [l

There is no known reference for the bosonic theory, so we consider the local part of the solution in the
corresponding fermionic BCFT [Mintchev—Tonni 2021] as analytic reference (dash dot magenta line below)

w2~ ) [(d+ 07 ~ a7

] a0t @)

M (z,y) =

Christoph Minz (SISSA) Modular operator numerics KCL, 15 Sep. 2025 16
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Boundary dependence in the massless regime

Dependence on the boundary parameter 1 and the separation distance d
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Dependence on the mass parameter m and the separation distance d

Numeric results: separated interval
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Non-local contributions in the massive regime

Dependence on the mass parameter m with a Dirichlet boundary

2.6 2.6 4
massless
2.0 0.2 2.0 1., 0.2
0.1 0.1
% 1.3 0.0 % 1.3 0.0
—0.1 —0.1
0.7 4 0.7 4
—0.2 —0.2
0.0 0.0
0.0 0.0
d(d+ ¢ —
zo(z) = ( ) (dotted red) y(z) =0+2d—=z (dotted black)
x
(n7A)

Discretized numeric results M (without smearing).
Non-diagonal contributions are mostly concentrated along and between these two curves.
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The conjugate curve in the massive regime
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Dependence on the mass parameter m for different separations d from the boundary
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- x- ml=05 - x- mf=0.25 -x- mf=0.1 - %~ massless limit
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Conclusions

Summary

o The modular Hamiltonian —log A is can be used to compute relative entropies in QFT, for
example, between the Fock vaccum w and a coherent excitation described by the Weyl operator
W (f) for any vector f in the bosonic Hilbert space #,

wp(@) = w(W () aw(f).
S(wrllw) = (£, (6 1AMy &6, 4M_)F)

10— 1

o The modular operator A is defined through the Tomita operator T; : af2 — a* (2.

o We can approximate it numerically in certain setups, even when we lack analytic solutions.
Challenges

o Is it possible to generalize the approach to curved spacetime?

o Could we study regions near horizons (in cosmology or black holes)?

Thank you for your interest.
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